We obtain an analytic solution for a three-parameter class of logarithmic potentials at zero energy. The potential terms are products of the inverse square and the inverse log to powers 2, 1 and 0. The configuration space is the one-dimensional box. Using point canonical transformation, we simplify the solution by mapping the problem into the oscillator problem. We also obtain an approximate analytic solution for non-zero energy when there is strong attraction to one side of the box. The wavefunction is written in terms of the confluent hypergeometric function. We also present a numerical scheme to calculate the energy spectrum for a general configuration and to any desired accuracy.
The dynamics of systems confined in space are usually modeled by wave equations with potential functions in a box with non-penetrable walls. The first problem that an undergraduate student of quantum mechanics is asked to solve is that of a particle in a one-dimensional box where the potential function inside the box is zero [1] . There are very few potential functions in the box that render the wave equation analytically solvable. Table 1 accounts for all the classic ones [2] . Nonetheless, using the tridiagonal representation approach, the particle in a box problem was recently solved for the sinusoidal potential function
, where 1, 2,.. k = and a is the width of the box [3] . On the other hand, physical situations may exist where at some energy the particle in the box would find a stable position at one side of the box or at either side with non-zero probability of tunneling from one side to the other. Therefore, it is of interest to find a potential model in the box with such properties, which is either exactly solvable or even quasi-exactly solvable. The latter means that the problem is analytically solvable for only part of the energy spectrum [4, 5] . In this work, we present a class of three-parameter potential functions in a one-dimensional box with these desired qualities. They are inverse square potential functions with singular logarithmic factors. This class of potentials was encountered ten years ago while exploring the group theoretical foundation of the J-matrix method of scattering [6] . The resulting problem associated with this class is analytically solvable for zero energy † (e.g., the potential is quasi-exactly solvable). Moreover, solvability requires that the pure inverse square component of the potential (without logarithmic dependence) must vanish. Under other constraints, we find an approximate analytic solution for non-zero energy. The solution of the problem is simplified by using point canonical transformation that maps the problem into the oscillator problem.
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In the atomic units, 1 m = = , we consider the following class of three-parameter logarithmic potentials in a one dimensional box of size a ( )
where A, B, and C are dimensionless parameters. Note that near 0 x = , the A component of the potential is the most singular (strongest) followed by the B component then the C component. However, near x a = , it is the C component that is the strongest followed by the B component. Below, we will show that the time-independent one-dimensional Schrödinger equation associated with this potential,
is analytically solvable at zero energy and for positive values of the dimensionless parameter B. Thus, we take 1 B = and plot in Fig. 1 different potential configurations corresponding to different positive values of the parameters A and C. We can identify the following three scenarios:
(1) The potential has one minimum and the walls of the box are thick and repulsive.
(2) The potential box has one minimum near 0 x = or near x a = where the skin is very thin with glue-like attraction. However, the skin on the other side of the box is thick and repulsive.
(3) The potential box has two minima; one near 0 x = and another near x a = with non-zero probability of tunneling from one side to the other. At both sides, the skin is very thin with glue-like attraction. Changing the sign of A and/or C will change the potential from repulsive to attractive at 0 x = and/or x a = , respectively. Figure 2 shows such an example where 0 C < to be compared with Fig. 1(a) . In condensed matter physics, we can model a semiconductor substrate by the potential box where the sharp potential pockets near the walls could be interpreted as being due to atomic interactions of the surface layer atoms with the atoms of the substrate hence giving rise to bound or short lived local resonances. Tunneling between the two sides can be increased if one of the potential pockets is much deeper than the other causing resonant tunneling between the trapped states in the flat well and the bound states near the surface of the substrate. Now, we apply the following "point canonical transformation" that preserves the Schrödinger form of Eq. (2) 2 r x ae − = ,
(3) This transforms the equation into the following Schrödinger-like second order differential equation in the new variable 0 r ≥
which is analytically solvable only for E = 0, making it a 3D isotropic oscillator-like problem [1] . We take the following ansatz 
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One can easily verify that the lim ( ) 0
x a x φ → = for all 1 4 α > − . Thus, the + and − sign in Eq.
(6) corresponds to 1 2 C > − and 1 2 0 C > > − , respectively. However, at the other end ( 0 x = ) and if the confluent hypergeometric series 1 1 F does not terminate then the . Thus, to force this limit to vanish we choose 0 B > . Figure 3 shows the potential function that is compatible with this case where 0 A = , 0 B > and for two values of C; one positive and one negative. Figure 4 is a plot of the wavefunction at zero energy for 0 A = and for several values of the parameter B. If B is large such that B C >> , then the zero energy line becomes high above the potential hump at the middle of the box forcing a higher excited state at zero energy. Figure 5 illustrates this situation by giving the wave function for 0 A = , 20 B = , and 0.5 C =
. On the other hand, we can also satisfy the boundary condition at 0 x = by forcing the series 1 1 F to terminate giving
. This also dictates that the potential parameter B be positive but forces it to take only discrete values. These values are called "the potential parameter spectrum" [9] . These are the set of values of the potential parameter B that lead to an exact solution at E = 0. In fact, for any nonnegative integer n, the corresponding value of the parameter an energy spectrum in which E = 0 is the third line in the spectrum. Table 2 gives the lowest part of the energy spectra corresponding to 0,1, 2,3 n = . The spectrum is obtained numerically by diagonalizing the finite Hamiltonian matrix representation in a suitably chosen basis (see the Appendix for details). Table 3 gives the energy spectrum for nonzero values of the parameter A.
To obtain an analytic solution of the problem for 0 E ≠ , we investigate the term Ea r e − in Eq. (4). If the particle is strongly attracted to the right side of the box ( x a = ) due to a situation similar to that in Fig. 2 but with 0 C < and 0 A > (which flips Fig. 4 horizontally, i.e. x a x → − ), then the probability of finding the particle near x a = is very high. Hence, the particle will linger at or near x a = (equivalently, 0 r = ) where we can make the approximation 2 2 1 r e − ≈ . Therefore, this term could be approximated as 
This equation is again analytically solvable using the ansatz (5) giving the same solution but requiring a non-zero energy eigenvalue of 2 
E A a
= .
In conclusion, we gave an interesting potential model in a box with non-penetrable walls. Each wall could be made independently repulsive or attractive. Moreover, the model could have none, one, or two local potential minima. For the last case, the two minima could be configured close to the box walls such that the particle in the box would find a stable position at either side of the box with non-zero probability of tunneling from one side to the other. We found quasi-exact solutions of the potential under certain −4− constrains. If the inverse square component of the potential vanishes then we obtain analytic solution at zero energy. Moreover, we could also obtain an approximate analytic solution for non-zero energy in the neighborhood of the box wall that corresponds to the most singular logarithmic potential term. In the Appendix, we presented an efficient numerical scheme to calculate the energy spectrum for all parameter values and to any desired accuracy. Finally, we note that in the limit as a → ∞ , this 1D problem becomes equivalent to a 3D problem with spherical symmetry in which x stands for the radial coordinate and the A term in the potential becomes the orbital term with ( )
Moreover, a relativistic extension of the box problem is possible by adding a pseudoscalar coupling of the form
⎦ to the free 1D Dirac Hamiltonian. In that case an exact solution could be obtained at
, where c is the speed of light.
The states of the system described by the potential shown in Eq. (1) consist only of discrete elements since it is totally confined in space. Thus, the energy spectrum of the system is a discrete set, which could be obtained by diagonalizing the corresponding Hamiltonian matrix. The larger the matrix size and the more appropriate the representation basis, the more accurate the spectrum. The following choice of complete basis set is compatible with the ansatz (5) and satisfies the boundary conditions at 0 x = and x a = (i.e., 0 r = and r → ∞ ): 
Changing variables from r to 2 y r = and using the differential equation of the Laguerre polynomials, their recursion relation and orthogonality property, we obtain the following tridiagonal matrix representation of the Hamiltonian 
On the other hand, the matrix representation of the constant energy term (i.e., the identity multiplying E ) is is the hypergeometric function. Care must be taken when programming this expression in the calculation for large indices n and m since one may encounter multiplication of very large numbers with very small resulting in reduced accuracy. Table 1 : A list of all classic potential functions in a one-dimensional box that result in an exact solution. A and B are real dimensionless parameters. The sign of the singularity of the potential at the left and right walls of the box is given by the sign of the parameters listed in the right column. , and for several values of the parameter A. The energy level designated by stars is too high to obtain at this accuracy. Table 3 Level and for 0.01 C = (Fig. 3a) , 0.01 C = − (Fig. 3b ). 
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